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We describe a scheme that enables a strong Jaynes-Cummings coupling between a topological
qubit and a superconducting flux qubit. The coupling strength is dependent on the phase difference
between two superconductors on a topological insulator and may be expediently controlled by a
phase controller. With this coherent coupling and single-qubit rotations arbitrary unitary opera-
tions on the two-qubit hybrid system of topological and flux qubits can be performed. Numerical
simulations show that quantum state transfer and entanglement distributing between the topological
and superconducting flux qubits may be performed with high fidelity.
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I. INTRODUCTION
The decoherence of quantum states by the environ-
ment is the main obstacle in the way towards realizing
quantum computers. To circumvent this difficulty some
interesting topological quantum computation schemes
[1, 2] have been suggested, where quantum information
is stored in nonlocal (topological) degrees of freedom of
topologically ordered systems. These nonlocal degrees
of freedom are decoupled from local perturbations, en-
abling the topological approach to quantum informa-
tion processing to obtain its exceptional fault tolerance
and to have a tremendous advantage over conventional
ones. The simplest non-Abelian excitation for topological
qubits is the zero energy Majorana bound state (MBS)
[3], which is predicted to be exist in the spin lattice sys-
tems [1], in the p + ip superconductors [4], in the filling
fraction ν = 5/2 fractional quantum Hall system [2], in
the superconductor Sr2RuO4 [5], in the topological in-
sulators [6, 7], and in some semiconductors with strong
spin-orbit interaction [8–12].
However, the local decoupling makes measuring and
manipulating topological states difficult because they can
only be manipulated by globe braiding operations, i.e.,
by physical exchange of the associated local quasiparticle
non-Abelian excitations [13, 14]. Moreover topologically
protected braiding operations for Ising anyons alone are
not adequate to fulfill universal quantum computation
and have to be supplemented with topologically unpro-
tected operations [15, 16]. Within a topological system
unprotected operations prove to be very challenging be-
cause of significant nonuniversal effects [17]. On the other
hand, conventional quantum information processing sys-
tems have been advancing steadily, such as the recent
progresses in quantum network using single atoms in op-
tical cavities [18], in long coherence times of nuclear spins
in a diamond crystal [19, 20], in high fidelity manipula-
tions on trapped ions [21] and on superconducting qubits
∗ Email address:honghfy@163.com; Tel:86-571-86843468
[22], in generation of entanglement between single-atoms
at a distance [23] and between a photon and a solid-state
spin qubit [24]
Thus it is highly desirable to combine the advantages
of conventional qubits with those of topological qubits to
construct hybrid systems, where the necessary topologi-
cally unprotected gates can be imported from the conven-
tional quantum systems (CQS) and topological states can
be transferred to CQS for high fidelity readout. Such hy-
brid systems have been considered recently for the anyons
in optical lattices [25, 26] and for the Majorana anyons
coupled to superconducting flux qubits [27–29] or to a
semiconductor double-dot qubit [17].
Here we propose a scheme for quantum information
transfer between a superconducting flux qubit [22, 30, 31]
and a topological qubit encoded on Majorana fermions
(MFs) at the junctions among three superconductors me-
diated by a topological insulator (TI) [6]. The strong
Jaynes-Cummings (JC) coupling between topological and
superconducting flux qubits can be obtained on the ba-
sis of the interaction between two MFs located at the
two ends of a linear superconductor-TI-superconductor
(STIS) junction, and be coherently controlled by the
phase differences between the two superconductors of the
STIS junction. With this strong coupling at hand, arbi-
trary quantum information transfer and quantum entan-
glement distribution between the topological and the flux
qubits can be accomplished with near unit fidelity.
II. HYBRID SYSTEM
The prototype hybrid quantum system shown in Fig.1
is made up of a superconducting flux qubit and a topolog-
ical qubit encoded on four MFs. The flux qubit consists
of a loop of four Josephson junctions (j1,2,3,4) and four
superconducting island a, b, c, d, enclosing an externally
applied magnetic flux Φ ≈ h4e . The MFs are described by
Majorana fermion operators γi(i = 1, 2, 3, 4), which are
self-Hermitian, γ†i = γi, and fulfill fermionic anticommu-
tation relation {γi, γj} = δij . The Majorana fermion γi is
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FIG. 1. (color online). Schematics for a hybrid system of
topological and superconducting flux qubits. A flux qubit is
made up of four Josephson junctions (j1,2,3,4) and four su-
perconducting islands (a, b, c, d) patterned on the surface of a
topological insulator, enclosing an external flux Φ ≈ h/4e. A
topological qubit consists of two pairs of Majorana fermions
((γ1, γ2) and (γ3, γ4)). Island d is shared by the topologi-
cal and the flux qubits. Two Majorana fermions (marked
with circles) at two superconducting trijunctions are coupled
though STIS quantum wire with coupling strength dependent
on the phase φd of island d relative to φu = −pi.
localized at trijunction i(i = 1, 2, 3, 4), which comprises
three superconductors divided by a TI [6]. A pair of MFs
operators γi, γj connected by a STIS wire of length L can
form a Dirac fermion operator fij = (γi−iγj)/
√
2, which
creates a fermion and f †ijfij = nij = 0, 1 describes the
occupation of the corresponding state. Combining two
such fermion states gives the two logical states of the
topological qubit |0〉t = |012034〉 and |1〉t = |112134〉.
The flux qubit is made up of four Josephson junc-
tions with Josephson coupling energy EJ,1 = EJ,2 = EJ ,
EJ,3 = αEJ , and EJ,4 = βEJ , where 0.5 < α < 1 and
β ≫ 1. For these parameters and an externally ap-
plied flux Φ = h/4e, the system has two stable states
|0〉f and |1〉f for the flux qubit. Corresponding to these
two states there are persistent circulating currents of op-
posite direction with the corresponding superconducting
phase φd = φc + σ
z
fθ + ζ
a+a†√
2
of island d [29], where
σzf = (|0〉〈0| − |1〉〈1|)f , θ =
√
4α2−1
2αβ is the phase differ-
ence across Josephson junction j4, a is the annihilation
operator for the flux qubit, ζ = (8ECEJ )
1
4 β−
1
2 is the magni-
tude of quantum fluctuations, and the phase φc of island
c is fixed relative to the phase φu = −pi of island u by a
phase controller [29, 32].
The Hamiltonian for the hybrid system can be writ-
ten in the form (~ = 1) H = a†aωf − 12E(φd)σzt , where
ωf =
√
8EJEC , σ
z
t = (|0〉〈0| − |1〉〈1|)t, and the coupling
strength E(φd) has the approximate form [29]
E(φd) ≈ −1.9(Λφd − 0.5)vF /L for Λφd ≤ −5 (1)
and
E(φd) ≈ 2∆0 sin φd
2
e−Λφd ∼ 0 for Λφd ≫ 1, (2)
where Λφd ≡ ∆0LvF sin
φd
2 with the effective Fermi velocity
vF and the proximity induced superconducting gap ∆0.
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FIG. 2. (color online). a) Numerical simulation of the pro-
cess of the state transfer, | ↑ 0〉 → −i| ↓ 1〉. The state transfer
fidelity is F1 = 0.993. b) Numerical simulation of quantum
entanglement generating, | ↑ 0〉 → (| ↑ 0〉 − i| ↓ 1〉)/√2. The
generated entanglement has a fidelity F2 = 0.996. The param-
eters used are g/2pi = −2GHz, g′/2pi = −1GHz, Tf,1 = 900ns,
Tf,2 = 20ns, and ωf/2pi = E(φon)/2pi = 50 GHz. The
corresponding matrix elements of the density matrix ρ of
the hybrid system are ρ11 = 〈↓ 1|ρ| ↓ 1〉, ρ22 = 〈↑ 0|ρ| ↑ 0〉,
ρ21 = 〈↑ 0|ρ| ↓ 1〉, ρ12 = 〈↓ 1|ρ| ↑ 0〉.
Expanding the coupling strength E(φd) to first order
in the small parameters θωf
dE(φ)
dφ |φ=φc and ζωf
dE(φ)
dφ |φ=φc
gives the Hamiltonian
H = a†aωf − 1
2
E(φc)σ
z
t −
g′
2
σzfσ
z
t −
1
2
g(a† + a)σzt , (3)
where
g =
ζ√
2
dE(φ)
dφ
∣
∣
∣
∣
φ=φc
g′ = θ
dE(φ)
dφ
∣
∣
∣
∣
φ=φc
. (4)
By rewriting Hamiltonian (3) in terms of | ↓〉 = 1√
2
(|0〉+
|1〉)t and | ↑〉 = 1√2 (|0〉− |1〉)t and applying the rotating-
wave approximation and the interaction picture we ob-
tain
HI = −1
2
g(a†σ−t + aσ
+
t )−
g′
2
σzf (σ
+
t e
iE(φc)t
+ σ−t e
−iE(φc)t), (5)
where σ+t = | ↑〉〈↓ | and σ−t = | ↓〉〈↑ | are the raising
and lowering operators, respectively, and the resonance
condition ωf = E(φc) has been assumed for simplicity.
Discussion.—The first term in HI (5) describes the
JC coupling between the topological and the flux qubits,
which is just what we want. The last term will cause
the total number of the excitations in the hybrid system
changes and will contaminate the quantum information
transfer fidelity, thus we may contain its influence by the
3conditions
g/g′ =
√
2βα√
4α2 − 1(
8EC
EJ
)
1
4 ≫ 1 (6)
and E(φc)/g ≫ 1. However, because of the factors
e±iE(φc)t the influence of this non-JC term is very lim-
ited, even for the case g < g′, which is shown in the
following numerical simulation.
According to Eqs.(1, 2) the JC coupling strength g
can be coherently controlled: g ∼ 0 if φc is tuned to φoff
satisfying ∆0LvF sin
φoff
2 ≫ 1, and g ≈ −∆0 ζ√2 cos
φon
2 if φc
is adiabatically adjusted to φon satisfying
∆0L
vF
sin φon2 ≤−5. By adiabatically turn on the coupling for a duration
corresponding to a pi pulse
∫
g(t)dt = −pi, we can perform
a unitary transformation
µ| ↓ 0〉+ ν| ↑ 0〉 → µ| ↓ 0〉 − iν| ↓ 1〉, (7)
accomplishing a quantum state transfer from the topo-
logical qubit to the flux qubit by following a single-qubit
rotation on the latter, where µ and ν are arbitrary com-
plex numbers satisfying |µ|2 + |ν|2 = 1. If we choose∫
g(t)dt = −pi/2, we can generate a maximally entan-
gled state | ↑ 0〉 → (| ↑ 0〉 − i| ↓ 1〉)/√2. Up to a single-
qubit rotation a
√
SWAP gate, the squared root of SWAP
gate, can be obtained by choosing
∫
g(t)dt = −3pi/2.
With
√
SWAP gates and single-qubit 90◦ rotation about
zˆ denoted by Rz(90), we can obtain the controlled-phase
(CPt,f ) gate
CPt,f = Rz,t(90)Rz,f (−90)
√
SWAPRz,t(180)
√
SWAP
(8)
for the hybrid system. With CPt,f gates and single-qubit
rotations an arbitrary unitary transformation on the hy-
brid system is available [33].
To sufficiently suppress the influence of the non-JC
coupling, g/g′ ≥ 1/3 is required (as we explain later in de-
tail), which may be fulfilled by choosing β ≫ 1, α→ 0.5,
e.g., we have g/g′ ≈ 2 for the case where β = 15, α = 0.8,
EJ/EC = 80. The corresponding flux quantum fluctu-
ation is ζ = 0.14 and the phase difference of Josephson
junction j4 is θ = 0.05, which is within the reach of a
phase controller [32]. Apart from the non-JC coupling,
there are other relevant imperfections for the hybrid sys-
tem. The tunneling between |0〉f and |1〉f with tunnel-
ing rate r ∼ ωfexp(−
√
EJ/EC) decreases the coherence
time of the superconducting flux qubit. The coupling
strength g should be strong enough to repress the un-
wanted tunneling probability (r/g)2 [29]. Low tempera-
ture is required to exponentially decrease the probability
of the occupation of the excitation modes of the quantum
wire by the factor exp(
−vf
kBTL
) [29].
III. NUMERICAL SIMULATIONS
Considering the decoherence sources, the dynamical
process of the hybrid system is described by the Lind-
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FIG. 3. a) The effect of decoherence sources η1 = 1/2Tf,1 on
the fidelity of state transfer operation | ↑ 0〉 → −i| ↓ 1〉 with
different non-JC couplings g′ (from top to bottom: g′/g =
0,1,2,3,4,5,6.). Other parameters are as in Fig.2. b) The same
plot for the the influence of η1 = 1/Tf,2.
blad master equation
∂ρ
∂t
= −i[HI , ρ] + 1
2Tf,1
(2aρa† − a†aρ− ρa†a)
+
1
Tf,2
(σzfρσ
z
f − ρ) (9)
where the decoherence from the topological qubit has
been neglected due to this qubit’s great merit of long
coherence time, Tf,1 and Tf,2 are the relaxation time
and dephasing time of the superconducting flux qubit,
respectively [34].
To study the quantum information transfer between
the topological and the superconducting flux qubits un-
der realistic conditions we numerically simulate the mas-
ter equation (9). We may set α = 0.8, β = 15,
EJ/EC = 80, EJ/2pi = 158GHz, ωf/2pi = 50GHz,
Tf,1 = 900ns, and Tf,2 = 20ns for the superconduct-
ing flux qubit [29, 35]; the parameters for the topo-
logical qubit may assume to be ∆0/2pi = 32.5 GHz,
vF = 10
5m/s, L = 5µm [12, 29]. The resonance con-
dition gives E(φon)/2pi = ωf/2pi = 50GHz, resulting in
φon = −1.73 according to (1) with Λφon = −7.75. Then
equations (4) give the the coupling strength g/2pi = −2
GHz and g′/2pi = −1 GHz. The evolution of the state
transfer
| ↑ 0〉
∫ tf1 g(t)dt=−pi−−−−−−−−−−→ |ψ1〉 ≡ −i| ↓ 1〉 (10)
and the generating of a maximally entangled state
| ↑ 0〉
∫ tf2 g(t)dt=−pi/2−−−−−−−−−−−→ |ψ2〉 ≡ (| ↑ 0〉 − i| ↓ 1〉)/
√
2 (11)
4are shown in Fig. 2a) and b), respectively, with the
corresponding fidelity F1 = 〈ψ1|ρ(tf1)|ψ1〉 = 0.993 and
F2 = 〈ψ2|ρ(tf2)|ψ2〉 = 0.996. Fig.3 shows the influence
of the decoherence sources η1 = 1/2Tf,1, η2 = 1/Tf,2,
and g′ on the state transfer fidelity F1. From Fig.3 we
see that the influence of g′ on the state transfer is small:
F1 = 0.982 for the case where g
′ = 3g = −6(2pi)GHz,
E(φon), ωf , Tf,1, Tf,2, vF , L, and Λφon remain the same
as in fig.2, while other parameters are α = 0.97, β = 10,
EJ/EC = 30000 [32, 36], θ = 0.086, ζ = 0.04, EJ = 3.1
THz, φon = −0.646, and ∆0 = 78GHz.
Apart from the aforesaid decoherence sources, there
exist processes which may influence the interaction be-
tween the two Majorana fermions, such as dynamic mod-
ulations of the superconducting gap and variation of the
electromagnetic environment owing to charge fluctua-
tions. We estimate their influence on the operation fi-
delity by assuming unknown errors in E(φon), g
′, and g,
and find that the corresponding fidelity F1 decreases from
0.993 to 0.968 for even 10% unknown errors in E(φon),
g′, and g.
The recent proposal [29] applies in the parameter
regime g′ ≫ g, in contrast our scheme works well in the
parameter regime g′ ≤ 3g. With Jaynes-Cummings cou-
pling quantum state transfer and quantum entanglement
distribution between the topological and flux qubits can
be more conveniently accomplished.
IV. CONCLUSIONS
In summary, we have presented a scheme for quantum
information transfer between topological and supercon-
ducting flux qubits. A strong Jaynes-Cummings coupling
between topological and flux qubits is achieved. With
this scheme, quantum state transfer, quantum entangle-
ment generating, and arbitrary unitary transformation in
the topological-flux hybrid system may be accomplished
with near unit fidelity. This quantum interface enable
us to store quantum information on topological qubits
for long-time storage, to efficiently read out of topolog-
ical qubit states, to implement partially protected uni-
versal topological quantum computation, where single-
qubit state of flux qubit can be prepared with high accu-
racy and is transferred to topological qubit to compen-
sate topological qubit’s incapability of generating some
single-qubit states.
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